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ABSTRACT 

R 
‘Thcrt, i s  pros;nntc:d h e r e i n  a n  ana lys i s  of  the  c o m p r e s s i b l e  l a m i n a r  

\v i th  hydrogen f r i c . 1  p r e s e n t  i n  the f low,  The t r a n s p o r t  processc’s have  

bcxen sii-nplified b y  consiclcring tht, p p prodLict at each  s t reatu\vise  s t a t i o n  

t o  l i t ,  indc:pcndc,nt of the  norn ia l  coordinate  nnd b y  asst iming a l l  P rand t l  

and  L t w i s  nuimbcrs t1q:iaI to unity. F in i te  r a t e  c h e m i s t r y  is  t r ea t ed  in  

d(st,iil. Ni t  rog(.n w a s  n s s u i n c d  t o  h e  a n  i n c r t  diliicnt and eight  f o r w a r d  

t,ec:n e m p l o ~ - c d .  An impl ic i t  finitc: d i f fe rence  inethod of solution h a s  been  

dt~vc~lop(~(1.  Numeric.31 so1:itions f o r  diffus1L.e fl(JwS a r c  p re sen ted  but 
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THE LAMINAR BOUND4RY L A Y E R  I N  HYDROGEN-AIR MIXTURES WITH 

FINITE R.%TE CHEMISTRY 

I LNTRODUC TION 

A s  p a r t  of a study of the problems connected with the dumping of a fuel such 

as hydrogen f r o m  the upper s t ages  of an exit ing boost vehicle ,  there  a r e  cons ide red  

h e r e  the c h a r a c t e r i s t i c s  of the laminar  boundary l a y e r s  in a hydrogen-a i r  mix ture  

with finite r a t e  chemis t ry .  The problem being t r e a t e d  m a y  be of some i n t e r e s t  not 

only for  the immedia te  application cited above but a l s o  for  i t s  fundamental  s ignif icance.  

L a m i n a r  boundary l a y e r s  in chemically reac t ing  flows have been of increas ing  

impor tance  in r e c e n t  y e a r s ;  References 1-10 provide s o m e  indicat ions of the c u r r e n t  

s t a tus  of the theory  thereof .  

In most of these  s tudies  two c l a s ses  of approximations a r e  appl ied beyond those 

a s s o c i a t e d  with boundary l aye r  theory. These pe r t a in  t o  s implif ied t r a n s p o r t  of 

mass,  momentum and ene rgy  and to  s implif ied chemica l  k ine t ics .  

tions a re  genera l ly  cons idered  necessa ry  in  o rde r  t o  r educe  to  t rac tab le  levels the 

numer i ca l  difficult ies a s soc ia t ed  with solution of the descr ib ing  equations.  

These approxima-  

Thus 

the product  of m a s s  densi ty  and viscosity i s  genera l ly  taken to  be constant  and the 

P r a n d t l  number  and Lewis  numbers  a re  taken to  be  unity. Until recent ly  these 

approximat ions  have been cons idered  not t o  obscure the e s s e n t i a l  f ea tu re s  of the 

phenomena. However,  as noted in thtfollowi,ng these  p a r a m e t e r s  may v a r y  

s t rong ly  a c r o s s  a mult i -component  boundary l aye r .  

behavior is usua l ly  c a r r i e d  out in t e r m s  of e i ther  of the two l imi t ing  c a s e s :  

The t r ea tmen t  of the chemica l  
c .. - 

"very  

slow" chemica l  reac t ion  corresponding t o  f rozen  flow o r  "very  fast" chemica l  

r eac t ion  cor responding  t o  equi l ibr ium flow. This  t r ea tmen t  does  not provide,  
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except  i n  t e r m s  of "order  of magnitude' '  cons idera t ions ,  any  indication of which 

of these  two cases is l ikely t o  preva i l  in a given flow. 

combustion does  o r  does not take place within the boundary l a y e r  is not a n s w e r e d  

by a n a l y s e s  of the l imit ing c a s e s  and  essent ia l  fea tures  of the phenomena are 

Thus the quest ion of whether 

los t .  

T h e r e  have been s e v e r a l  ana lyses  of l a m i n a r  flows of the boundary l a y e r  type 

with finite r a t e  c h e m i s t r y .  

of a combustible gas  by l a m i n a r  mixing; 

approach  t o  the boundary l a y e r  on a heated f la t  plate.  

one-s tep  chemica l  reac t ion  was considered;  a n  i t e r a t i v e  method of solution of the 

s p e c i e s  equation was  employed. 

dissociat ion of a diatomic gas  i n  a high speed  flow with finite r a t e s ;  a n  i n t e g r a l  

method of solution was employed. Finally,  f inite r a t e  c h e m i s t r y  for  air h a s  been 

appl ied t o  hypersonic  wake flows by Vaglio-L,aurin and  Bloom (cf . ,  e .  g . ,  Reference  10). 

Marble  and Adamson (Reference7)  cons idered  the ignition 

Dooley (Reference8)  appl ied the same 

In both of these s tud ies  a 

Chung and Anderson  (Referenceg)  have t r e a t e d  the 

I t  is the purpose of the p r e s e n t  r e p o r t  t o  provide an a 7.alysis of the l a m i n a r  

boundary l a y e r  with an  ex terna l  s t r e a m  of uniform veloci ty  and  with 1 fuel p r e s e n t  

i n  the flow. 

p r e s e n t e d  h e r e  a r e  perhaps in o r d e r ;  the g e n e r a l  a n a l y s i s  h a s  been s e t  up for  a n  

a r b i t r a r y  fuel-oxidizer s y s t e m  but  the detai led t r e a t m e n t  and n u m e r i c a l  e x a m p l e s  

have been c a r r i e d  out for  the hydrogen-air  s y s t e m  with the fuel in gaseous  f o r m .  

The t r a n s p o r t  p r o c e s s e s  have been s implif ied by consider ing the p p  product  at 

e a c h  s t r e a m w i s e  s ta t ion t o  be independent of the n o r m a l  coordinate and  by a s s u m i n g  

all P r a n d t l  and  Lewis  n u m b e r s  equal to unity. It will thus be recognized that  the 

f requent ly  employed approximation5 relat ive to t r a n s p o r t  p r o p e r t i e s  a r e  appl ied 

h e r e .  

S e v e r a l  r e m a r k s  concerning the point of view taken in the s tudy 

F i n i t e  r a t e  c h e m i s t r y  is considered e s s e n t i a l  and  is t rea ted  in detai l .  An 
I *. 



I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
?I 

I 
I 
I 
I 
I 

11 

- 3 -  

impl ic i t  finite difference method of solution h a s  been s e l e c t e d  with the view t o  

provide a "growth capabili ty" for  handling i n  the future m o r e  r e a l i s t i c  t r a n s p o r t  

p r o c e s s e s  and flows with non-uniform e x t e r n a l  flow conditions. 

The c h e m i s t r y  of the hydrogen-air  s y s t e m  employed i n  this  r e p o r t  follows 

c lose ly  tha t  of R e f e r e n c e s  11 and  12. Thus ni t rogen was a s s u m e d  t o  be a n  i n e r t  

diluent but the reac t ion  s teps  of the hydrogen-oxygen s y s t e m ,  eight  f o r w a r d  and  

eight  rcverse,followiiig the work of Duff and c o - w o r k e r s  (References  13  and 14), 

have be e n  employed.  

The r e p o r t  is organized as follows: T h e  ideal izat ion of the flow is d i s c u s s e d  

The f i r s t  a n d  is followed by a t r e a t m e n t  of the momentum and energy  equations.  

s p e c i e s  conservat ion equations for a general  c h e m i c a l  s y s t e m  with s implif ied 

t r a n s p o r t  p r o p e r t i e s  a r e  d i s c u s s e d  next, p a r t i c u l a r  attention being d i r e c t e d  t o  

the e x t e r n a l  conditions applicable in var ious c a s e s .  

air  s y s t e m  is then d e s c r i b e d  and  the general  t r e a t m e n t  of the s p e c i e s  equations 

r e l a t e d  p a r t i c u l a r l y  t o  th i s  chemica l  sys tem is a l s o  descr ibed .  The de ta i l s  cf the 

finite difference method of solution a r e  given in  Appendix 11, The r e p o r t  concludes 

with s o m e  n u m e r i c a l  r e s u l t s  which may be of i m p o r t a n c e  for the hydrogen dumping 

problem. 

The c h e m i s t r y  of the hydrogen- 

The au thors  grateful ly  acknowledge the work of M r .  H a r r y  Could who 

wrote  the finite difference machine program f o r  the I. B. M. 7090 digital  

cotnputer.  
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I1 IDEALIZATION O F  THE FLOW 

The ac tua l  p r c c e s s e s  which m a y  be cons idered  when a fuel such as hydrogen 

i s e j ec t ed  f r o m  the upper s tage of a n  exiting launch vehicle m a y  be complex. 

of the m o s t  impor tan t  prac t ica l  questions to be cons idered  is whether  o r  not 

combust ion actual ly  occur s  under given flight conditions.  

of magnitude ana lys i s  based on flow t imes  f o r  a typical ex i t  t r a j e c t o r y  and chemica l  

t imes  based  on the hydrogen-air  sys t em is p resen ted ;  i t  is shown that t he re  is a 

c r i t i ca l  alt i tude in the range f r o m  125 t o  175  ki lofeet  depending on the mode of 

dumping where  the lengths  assoc ia ted  with the init iation of h e a t  r e l e a s e  m a y  be 

re la t ive ly  shor t .  

a s s o c i a t e d  with the vaporization of fuel i n  l iquid o r  so l id  phase and  with mixing of 

fuel and oxid izer ;  i t  m a y  thus lead  to excess ive ly  conserva t ive  f i m e s '  a s soc ia t ed  

with combustion. 

pa ra l l e l  t o  the s u r f a c e  of the vehicle o r  injection f r o m  a downst ream facing pipe 

provides  ~ l n  e n v i r g n m e n t  for the fuel making i t  l e s s  l ikely to  combust  in lengths  of 

p rac t i ca l  i n t e re s t .  

One 

In Refe rence  15 an o r d e r  

The ana lys i s  of Reference  15 does  not include the t i m e s  

However ,  this analysis  did indicate tha t  e i the r  s lo t  injection 

The p r e s e n t  study is d i r ec t ed  toward answer ing  in  p a r t  the question of whether 

or  not combustion does occur  under  given flight conditions. To  t rea t  thig quest ion 

f o r  a chemica l  s y s t e m  ds complex a s  that f o r  p rac t i ca l  fuels with air  as a n  oxidizer ,  

i t  is n e c e s s a r y  to ideal ize  the flow. 

des i r ab i l i t y  of s lo t  injection suggests  as  a model  f o r  finite r a t e  c h e m i s t r y  the flow 

shown schemat ica l ly  in F igu re  3. 

air  s t r e a m  f r o m  a s l o t  of height I t a f f  with a velocity Uj equal  t o  that i n  the ex te rna l  

s t r e a m ,  i. e . ,  to Q. The boundary l aye r s  on the wal ls  of the s lo t  and on the sp l i t t e r  

The a forement ioned  r e s u l t  concerning the 

The fuel in gaseous f o r m  is injected i n t o  the  
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plate are  neglected so  that  effectively a boundary l a y e r  grows on the wall of 

the vehicle s t a r t i n g  a t  the s l o t  exit .  

ex i t  is a s s u m e d  equal to  that in the ex terna l  s t r e a m ;  indeed the static p r e s s u r e  

throughout the flow is taken to be constant so ,  for  example ,  the velocity in 

the e x t e r n a l  s t r e a m ,  ue, is constant.  F ina l ly ,  the flow is a s s u m e d  to be 

l a m i n a r ,  two-dimensional and  s teady.  

The s t a t i c  p r e s s u r e  in  the fuel  a t  the slot 

The implicat ions of these idealizations with r e s p e c t  t o  p r a c t i c a l  flows 

a r e  i n  g e n e r a l  evident.  

u p s t r e a m  of the s l o t  ex i t  and the assumption of l a m i n a r  flow imply  that  such  

boundary l a y e r s  a r e  negligibly thin with r e s p e c t  t o  the s l o t  height  "a" and 

a r e  l a m i n a r .  *The assumpt ion  of uniform p r e s s u r e  impl ies  the non-exis tence of 

e i t h e r  shock  o r  expansion waves a t  

interact ion between the boundary l a y e r  and  the e x t e r n a l  stream due to hea t  

r e l e a s e .  

between fuel  a n d  oxidizer o c c u r s  a t  the or igin of mixing (x - 0, y 

isoveloci ty  region.  

in future  s tud ies  without undue difficulty provided the flow r e m a i n s  l a m i n a r .  

However ,  the detai led t r e a t m e n t  of turbulent f lows with finite r a t e  c h e m i s t r y  

p o s e s  difficult  fundamental  p r o b l e m s  (cf, , e. g . ,  R e f e r e n c e  12). 

F o r  example ,  the neglec t  of the boundary l a y e r s  

the exit of the s lo t  and  the a b s e n c e  of 

F ina l ly ,  the assumpt ions  of Uj =ue impl'ies that  the ini t ia l  mixing 

a )  in  a n  

It  is noted that  some of these  assumpt ions  c a n  be re laxed  

The ideal izat ion of the flow as shown i n  F i g u r e  1 is supplemented in the 

p r e s e n t  r e p o r t  by simplifying assumptions with r e s p e c t  t o  the l a m i n a r  

t r a n s p o r t  p r o c e s s e s .  In par t icu lar  the product  of mass dens i ty  and  of viscosi ty  

coef f ic ien tb  p )  will be t r e a t e d  as a function of x, i. e .  , the a c t u a l  d i s t r i G t i o n  
- - . ~ ~ _ _ _ _  -- 

+ T h i s  assumpt ion  also impl ies  that the f l o w  t ime r c q u i r e d  f o r  the  boundary 
l a y e r  on the sp l i t t e r  plate to "smooth out" is negligible c o m p a r e d  to a 
c h e m i c a l  react ion t i rnc .  
wi l l  be removed.  

In future extensions of this  work  th i s  assumption 



- 6 -  

at each  s ta t ion  x will  be r ep laced  by an effective value of th i s  product .  

P r a n d t l  number  will  be taken to  be constant and equal  to  unity. 

diffusion coefficient a s soc ia t ed  with the diffusion of each  species in  the mixture  

of all s p e c i e s  will be a s s u m e d  t o  yield a Lewis number  equal  t o  unity. Again 

i t  is noted that these assumpt ions  a r e  not e s sen t i a l  t o  the numer i ca l  ana lys i s  

appl ied h e r e  and will be r e l axed  i n  futur'e s tudies .  

The 

Fina l ly ,  the 
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I11 ANALYSIS 

The ideal izat ions and  assumptions desc r ibed  above p e r m i t  the fullcwing 

approach  t o  be exploited; the describing equat ions of mass, momenLim, ene rgy ,  

e l emen t ,  and spec ie s  conservat ion can be t r ans fo rmed  t o  S, ?va r i ab le=  where  

s=s(x) '  and rl =., ( x , y ) s  In these var iab les  the velocity f ie ld  is given by the 

usua l  Blas ius  solution and can  be found p r i o r  to  the d2atiibuti'ons which -rd& 

to  the stagnation enthalpy, e lement  concentrations,  and spe'cies concentrations 

and which are h e r e  obtained by finite difference calculations.  Effect ively then 

the veloci ty  f ie ld  is  uncoupled with r e spec t  t o  the ene rgy  and composi t ion fields. 

Veloci ty  F i e l d  

Cons ider  the boundary l aye r  on the su r face  of the vehicle as shown i n  

F igu re  1 in a gas  flow of a r b i t r a r y  chemical  composition.. The m o m e n t u m  

and mass conserva t ion  equations according t o  boundary l aye r  theory  are* 

W o t e  tha t  the ana lys i s  will be c a r r i e d  out h e r e  expl ic i t ly  for  two-dimensional 
flow; the extension to  ax i symmet r i c  flow is s t ra ight forward .  

c ** 
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I t  is d e s i r e d  to  employ these equations to  obtain the c h a r a c t e r i s t i c s  of 

the yeloci ty  field in the boundary l aye r  involving a r eac t ing  g a s .  A gene ra l  

specif icat ion of the trar agor t  p rope r t i e s ,  pa r t i cu la r ly  of the product  p u 

l eads  t o  non- s imi l a r  flows, i . e .  , those €or which n o  combination of x and y 

into a new variable  yields the complete descr ip t ion  of the flow. F o r  the 

pu rposes  of making engineer ing e s t ima tes  i t  is the re fo re  a g r e a t  s implif icat ion 

to  cons ider  a t  each  s ta t ion x a m e a n  value of , the  product  n u ;  i n  this  way p a r t  

of the a f fec t  of l a r g e  changes in th i s  t r anspor t  p a r a m e t e r  a r e  accounted fo r .  

..a. 

Introduce a new independent variable which is a s l igh t  modif icat ion of the 

u s u a l  Levy-Lees  var iable  (References 16 and  17), namely  

(4) 

and  where  C i F  @ ~ ~ g  e , (oT) being s o m e  c h a r a c t e r i s t i c  

product  of mass densi ty  and viscosi ty  cons idered  a function of the s t r e a m w i s e  

coordinate  x. F u r t h e r m o r e ,  a s s u m e  the s t r e a m  function sat isfying 

Equat ion ( 2 )  is of the f o r m  
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- 
Then provided C= C where  C I b @ / p e p e  Equat ion (1) becomes  the well  known 

Blas ius  equation 

which is subjec t  to  the boundary conditions 

The p a r a m e t e r  of i n t e r e s t  is f"(o) = 0 .470  ( c f . ,  e .  g . ,  Reference  17) .  

E n e r g v  Equation 

Cons ider  next  the ene rgy  equation wr i t ten  in  t e r m s  of the stagnation 

enthalpy h s ;  l e t  the diffusion of each  spec ies  in  the mixture be desc r ibed  by 

a F ick ' s  law involving a mixture  diffusion coefficeint,  i . e . ,  that  

(7) 

.r 
.. 

A s s u m e  that  the Lewis  numbers  p D C /k * 1 1  f o r  all i and  that  the 

P r a n d t l  number  of the mixture  is everywhere unity; then the ene rgy  equation 

i , m  P 

becomes  

Now t r a n s f o r m  the equation to  the s, 77 Ja r i ab le  def ined by Equat ions ( 3 )  and 

(4) and introduce the var iable  g-h,/h,, e ;  there  is obtained 
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The boundary conditions are 

A t  this  point in the ana lys i s  i t  is perhaps appropr ia te  t o  cons ider  the ini t ia l  

conditions which will be imposed  on the ene rgy  equation, i . e . ,  on E duation (9 )  and s u b -  

sequent ly  on the e l emen t  and  spec ie s  conservat ion equations.  

on the s ,  

s = 0. 

de t e rmined  for  the flow as ideal ized in  F i g u r e  1 accor'&ng t o  the following 

cons idera t ions :  Close t o  the origin of mixing there  will  e x i s t  two d is t inc t  

viscous reg ions  which will i n t e rac t  with one another  only weakly i f  at all. 

T h e r e  is the isoveloci ty  f r ee  mixing region originating a t  the point x = 0, y = a ,  

and the wal l  boundary l aye r  originating i n  this  ideal izat ion a t  x I y = 0. 

f o r m  of these  two regions diffuses  the s tagnat ion enthalpy and the composition 

The t r ans fo rma t ions  

var iab les  do not p e r m i t  a r b i t r a r y  init ial  conditions to  be specif ied a t  

However ,  a t  s I si > O  such conditions can be imposed  and  can be 

The 

d i f f e rences  exis t ing between the s l o t  and ex te rna l  flows. 

boundary l a y e r  m a y  be cons idered  t o  grow in  gas  i ssu ing  f r o m  the s lo t ,  i . e . ,  

The wall 

t o  be e s sen t i a l ly  devoid of gas  f r o m  the ex terna l  s t r e a m .  These two v i scous  

d 
reg ions  c a n  be t r ea t ed  m o r e  or  l e s s  independently until a t  a s ta t ion x 0 xi whe* 
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i 

the ad jacent  "edges" of the two V ~ S C O U S  r eg ions  approac. ,  one anot e r .  

dis t r ibut ions of enthalpy and  composition a t  this s ta t ion provide the in i t ia l  da ta  

f o r  the solution of the ene rgy  equation, i . e .  I for  Equation (9) and of the e l emen t  

and  s p e c i e s  equat ions which will  be d iscussed  below. The detai led d i scuss ion  of 

the de te rmina t ion  of these ini t ia l  dis t r ibut ions will  be p re sen ted  in Appendix 1. 

Cons ider  to complete  the formulat ion of the ene rgy  equation a n  in i t ia l  prof i le  

spec i f ied  as 

The 

> 

It is pe rhaps  worth noting that  in a r eac t ing  boundary l a y e r  the wal l  enthalpy 

hw=hegw is usually not known a p r i o r i  since the composition a t  the wal l  is not 

known; it is  thus m o r e  p rac t i ca l  to  assume a p r i o r i  a t empera tu re  d is t r ibu t ion  

Tw = T ( s )  and  to  compute gw (s )  as par t  of the solution. * . 
W 

Equation (9) subjec t  to  the conditions of Equations (10) and (11) will  be solved 

h e r e  by finite difference methods.  Since the s p e c i e s  conservat ion equat ions,  

which complete  the s y s t e m  of pa r t i a l  differential  equat ions,  will also be handled by 

these me thods ,  these equations will now be d iscussed .  

E l e m e n t  Conservat ion 

- In the t r e a t m e n t  of spec ie s  conservation i t  is f requent ly  convenient t o  utilize 

the concept  of e l emen t  mass fract ions ( c f . ,  e .  g .  I R e f e r e n c e s  1, 2 ,  6,  and  19) 

which def ine the mass f rac t ions  of a par t icular  e l emen t  in whatever f o r m ,  i.e. , a tom,  

molecule  or  compound i t  occurs .  The definition of the e lement  mass f rac t ions  a r e  --_- 
*Note that if g,(s) i s  specified a pr io r i  a n  exact  solution of Equation ( 9 )  
subject  to  i t s  init ial  and boundary conditions can be obtained ( rc>f .  18). This  
approach  cannot be readi ly  extended and was thus not employed 'he re .  
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sugges ted  by the s t a t emen t  of e l e m e n t  conserva t ion  which i m p l i e s  tha t  

r\i 
c 

where  p. .is the number  of a toms  of e lement  j in  s p e c i e s  i. 

mass f r ac t ions  a r e  defined as 

Thus the e l emen t  
1J 

In view of Equation ( 1 2 )  the conservat ion equat ions f o r  the e l e m e n t  m a s s  

f r ac t ions  d o  not  involve a c rea t ion  t e rm;  indeed f o r  all Lewis  n u m b e r s  equal  to 

unity the conserva t ion  of e l emen t s  is given by 

.. 
Again t r ans fo rma t ion  to  the s ,  r) var iable  yields  f o r  thg p rob lem under cons ide ra  

tion the equation 

which is sub jec t  to the boundary conditions 
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c tr 

The ini t ia l  conditions will be such  as those of the s tagnat ion enthalpy,  namely  

Note tha t  the vanishing of the gradients  of the e l emen t  mass f r ac t ions  at q 0 

impl ies  the negligibil i ty of sur face  reac t ions ;  this  assumpt ion  will be employed 

h e r e .  

The solutions of Equation (,1.5.), will be c a r r i e d  out by finite difference methods ;  

indeed i t  will  be noted that the d i f fe ren t ia l  ope ra t e r  in Equat ion ( € 5 )  is ident ical  

to that  f o r  the stagnation enthalpy hs  (cf. Equation (9 ) )  although the boundary 
': 

conditions are d i f fe ren t .  I t  should be noted that  the d e s i r e d  solut ions c a n  be 

found in c losed  f o r m  (Reference ZO), 

t e r m s  of non-e lementary ,  i. e . ,  tabulated functions. Moreove r ,  with m o r e  r e a l i s t i c  

However,  these  solut ions are  p rac t i ca l  'only.in 
I 

t r a n s p o r t  p r o p e r t i e s ,  finite differences m u s t  be employed s o  with a view toward 

providing "growth capabili ty" in  the computer p r o g r a m ,  the m o r e  d i r e c t  finite 

d i f fe rence  solutions a r e  employed here.  

Spec ies  Conservat ion - 

The composition is de te rmined  i n  the flow under cons idera t ion  only when 

addi t ional  s p e c i e s  conservat ion equations are solved. If the flow involves N 

s p e c i e s  with L e l emen t s ,  the N - L  species  conservat ion equat ions m u s t  be 

cons ide red  explicit ly.  Note tha t  i f  a t  a gene r i c  point in the flow, the re  a r e  known 

the L va lues  of the ? and the N - L  values of the Y i t s  given expl ic i t ly  by the 

conserva t ion  equat ions,  then the remaining L values of the Y i l s  can  be found 

i ' s  
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f r o m  the definit ions of the e lement  mass  f rac t ions ,  i. e . ,  f r o m  Equat ions (9 ) .  

In chemica l  s y s t e m s  of p rac t i ca l  i n t e re s t  it is f requent ly  found tha t  the mass 

f rac t ions  a t  a gener ic  point differ by many o r d e r s  of magni tude;  consequently,  

this  l a t t e r  s t e p  of finding the remaining L mass f rac t ions  can 

in  n u m e r i c a l  a c c u r a c y  unless  the m a s s  f rac t ions  of s p e c i e s  p r e s e n t  in small 

amounts  are  computed f r o m  the differential  equat ions,  i .e . ,  so  tha t  the t r a c e  

spec ie s  are among the N - L  s p e c i e s  given explicit ly.  *This is possible  

provided the number  of t r a c e  spec ie s  is l e s s  than o r  equal  t o  N - L .  

l e a d  t o  degradat ion 

If this  

inequal i ty  is not sa t i s f ied ,  then i t  may be n e c e s s a r y  for  n u m e r i c a l  a c c u r a c y  

to  abandon a t  l e a s t  in p a r t  the conservat ions equations i n e ' r m s o f  the e l emen t  

mass f r ac t ions ;  thus,  additional species  conserva t ion  equat ions with c rea t ion  

t e r m s  m u s t  be solved explicit ly.  Indeed, i t  is of course possible  t o  cons ider  

only s p e c i e s  conservat ion in  which case N c rea t ion  t e r m s  must be computed and  

the e l e m e n t  mass f rac t ions  a r e  automatically conserved .  However ,  

the c r e a t i o n  t e r m s  a r e  genera l ly  complex and  involve cons iderable  computation s o  that  

use is  often made of e l emen t  mass fract ions to reduce  the number  of such  t e r m s .  

With the approximation attendant on Equation (7)  and  with the Lewis  numbers  

all equal  to  unity, the conservat ion of a pa r t i cu la r  s p e c i e s  i is desc r ibed  by 

Again t r ans fo rma t ion  to  the s ,  rl variables yields 

- _ _ I _ _ _ _ ~ .  .___ .. 
+ T h i s  suggestion i s  contained i n  Reference 21 i n  connection with inviscid 
f l o w s  but is applicable t o  diffusive flow6 as. weH. , . .  . .  . . . . .  ' I  

. . . . .  , .  . .~ .~ 
. . .  

I .. . . . . .  .... 
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The boundary conditions a r e  

2. 
.. 

Again the in i t ia l  conditions are 

- 
I t  is in t e re s t ing  to  note that  i n  Equation (19)  the p a r a m e t e r  C d is tor t ing  

the s t r e a m w i s e  coordinate  and the density 0 appea r ;  this  i s  symptomat ic  of the 

well-known absence  of scal ing laws for chemica l ly  reac t ing  flows with finite . 

r a t e  chemis t ry .  

4; 

Equat ion (19) subjec t  t o  the conditions given by Equat ions (20) and (21)  will 

be solved by finite d i f fe rence  methods.  

Auxil iary Equat ions Rela ted  to  Static and T r a n s p o r t  P r o p e r t i e s  

The s y s t e m  of conservat ion equations and their  ini t ia l  and boundary conditions 

m u s t  be supplemented by s e v e r a l  auxi l ia ry  equat ions,  which will involve the p r i m e  

dependent va r i ab le s ,  f '  ., g ,  and the Y i l s .  In pa r t i cu la r  the dis t r ibut ion of static 

t e m p e r a t u r e  will  be r equ i r ed ;  this  is implici t ly  given in t e r m s  of the dis t r ibut ion 

of f ' ,  g and the s p e c i e s  mass fractions Y i  accord ing  t o  the definition of g as 

where  h .  = hi (T) .  Now for  s implici ty  and  ye t  f o r  a c c u r a c y  su f f i c i en t  
1 
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€or  m o s t  pu rposes  the re la t ion  between the s p e c i e s  en tha lpy  and  the t e m p e r a t u r e  

can be taken as 

Then Equat ion 

(T- T,) = 

18) becomes  

which y ie lds  the t e m p e r a t u r e  explicitly i n  t e r m s  of the p r ime  dependent va r i ab le s .  

F o r  cons is tance  i t  is noted that 

c 

Z Yie  C p i  
C 

Note tha t  the t r ans fo rma t ion  f r o m  the s ,  q plane depends on the availabil i ty of the 

dens i ty  r a t i o  and that f r o m  Equation (3)  

r 7  

In addi t ion f r o m  Equat ion (4) 

- 
which c a n  be employed i f  C (s) is known. 



- 

I 
I 
I 
I 
I 
I 
I 
I 
I 
II 
I 
I 
I 
I 
I 
I 
I 
I 
I 

-17- 

I t  is n e c e s s a r y  to  employ the equation of s t a t e  to  de t e rmine  the mass 

dens i ty  ; i t  is convenient t o  e x p r e s s  

- 
The choice of a s ta te  €or the determinat ion of C and the calculat ion thereof must 

a l s o  be made .  

the p a r a m e t e r  which co r re sponds  t o  the effect ive 0 p-p roduc t .  

wall va lues  provide an  impor t an t  and relat ively s imple  state and will  be employed 

h e r e .  According to  this  definition 

At p re sen t  t he re  appears  t o  be no ra t iona l  way €or de te rmining  

However ,  the 

where  0 

e t c . .  For 

The approximate  formula  given in r e fe rence  (2 1) h a s  been employed h e r e  ; thus.  

l o e  can  c l e a r l y  be obtained f romEqua t ion  (26)  with T = Tw, W 
Ww, W 

, i t  is  n e c e s s a r y  to compute the v iscos i ty  of gaseous  mixtures. 
’wJge 

M 

where  
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A Auxi l ia ry  Equat ions for the Production T e r m s  

The de ta i led  spec i f ica t ion  of the production t e r m s ,  i . e .  > those involving w. . 

- 

1 4: 

i n  Equat ion (19) can  only be c a r r i e d  out a f t e r  the chemica l  s p e c i e s ,  their  r eac t ion  

m e c h a n i s m s ,  and reac t ion  r a t e s  a r e  es tabl ished.  Here  the hydrogen-a i r  s y s t e m  

with n i t rogen  t r e a t e d  as a n  i n e r t  diluent will  be cons ide red  in  detai l .  Af te r  

Re fe rences  11-14 the reac t ion  mechanism and r a t e s  a r e  taken  to be as follows: 

Reac t ion  
K u m b e r s  React ion Mechanism - 

k;! 0 * H2---)OHf H 

k 
OH - H z d , O  - H  

k 
2 0 H L > H 2 0  - H  

2H -M--$H k5 M 
2 

H * OH - M---)H20- M 

2 0  ' M->02' M 

Reac t ion  Rate  

3 1014 -8810/T 

3 x 10 e -  

e 
14 ~ O ~ O / T  

14 - 3 0 2 0 / r  3 x 1 0  e 

14 -3020/T 
3 x 1 0  e 

15 5 x 10 

16 
10 

14 
3 x 10 

where  M denotes  any  th i rd  body; where the units of k. a r e  ( m o l e s / c c )  -1 s e c  -' for 

second o r d e r  r eac t ions  proceeding to the r i g h t  (i. e . ,  r eac t ions  1-4) and  (molee/cc)- '  

J 

s e c  -',for th i rd  o r d e r  reac t ions  proceeding to the r igh t  ( i . e . ,  f o r  r eac t ions  5 - 8 ) ;  and 

where  T is in K. 0 

Thus the chemica l  s y s t e m  involves seven  s p e c i e s  (NE 7 )  and three  e l e m e n t s  

(L - 3). It will be convenient t o  employ a n u m e r i c a l  s u b s c r i p t  notation to  identify 
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the s p e c i e s ;  thus l e t  0 2 ,  H2, H P ,  N2,  0, H ,  and OH be denoted by the s u b s c r i p t s  

1-7 respec t ive ly .  

i n t e r m e d i a t e s  0, H and OH, a r e  present  in  t race  amounts  and  m a y  be computed f r o m  

different ia l  equations of the f o r m  of Equation (19) the concentrat ion on one other  

spec ie s ,  e - g .  ,HZ, m u s t  similarly be computed while the r ema in ing  spec ie s  may 

be found f r o m  the e l emen t  mass fractions given by the soluticm of Equat ion (15). 

Thus the e l emen t s  a r e  denoted by subsc r ip t s  1, 2, and 4. The 

With this  chemica l  s y s t e m  and with this  select ion of spec ie s  to  be de t e rmined  by 

pa r t i a l  d i f fe ren t ia l  equations and by algebraic  equat ions,  i t  is possible  to  define 

the e l e m e n t  mass f rac t ions  explicit ly and to  e x p r e s s  the mass fract ion spec ie s  

to  be de t e rmined  t h e r e f r o m ;  thus 

(33) 

1, -v 

(35)  
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As mentioned previous ly  i t  is possible f o r  the mass f r ac t ions  a t  a g e n e r i c  

point to  d i f f e r  by many o r d e r  of magnitude, thus making the solution of the 

a lgeb ra i c  Equations (31)-@5) highly inaccura te .  F o r  this r e a s o n  the g e n e r a l  

descr ip t ion  of the c rea t ion  t e r m s  for a l l  of the N s p e c i e s  a r e  given : (cf. e g . ,  

N Refe rence  23 ,  24)  

where  

(37 1 

where  K,, 

and  where  v t i j  andv.'! a r e  the s to ich iometr ic  coef f ic ien ts  of the r eac t ion  

is the equi l ibr ium constant based  on mola r  concent ra t ions  for  reac t ion  j ,  4 

'J 

4: 

Equat ions (30) and (36)-(38) pe rmi t  the r e q u i r e d  wi,  t o  be wr i t t en  as follows 

c 

(39)  
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The equi l ibr ium constants  Kc in these equat ions are  available in  tabular  

f o r m ,  e .  g . ,  i n  R e f e r e n c e  24 but for  computation i t  is convenient t o  r e p r e s e n t  

t h e m  i n  functional f o r m ,  n a m e l y  

, j  

The constants  A. a n d  B. employed 
J J 

A,: 
J j 

1 12.1 

2 2. 31 

3 0 .23  

4 10.4 

4 5 1.85 x 10 

6 9.66 x l o 4  

7 8 x l o 3  

8 9.67 x 10 
4 

where  A .  is non-dimensional  f o r  j 

S e v e r a l  c o m m e n t s  concerning 

J 

here  with T in % are as follows: 

N.' 
J 

0 Vj K 

0 8,  150 

0 1, 540 

0 -7930 

0 -9490 

-1 -54 ,000  

-1 -62 ,200  

-1 - 5 2 , 5 0 0  

-1 -60,600 

= 1-4 and is c c / g m  f o r  j 5-7. 

the four  Equations (39)-(42) m a y  be in  

o r d e r .  I t  will be noted that  formal ly  the c r e a t i o n  terms given i n  genera l  by 

Equat ion (36) can be wri t ten as 

k 4 

w h e r e  G. is c l e a r l y  defined by comparison betweenEquat ions ( 3 6 )  and (46). 

a r e  only K va lues  of 5. to be computed. 
J 

J 

A l s o  the form of Equation 39-45) 

r e a d i l y  a d m i t  application of the partial  equi l ibr ium t r e a t m e n t  for  boundary 

There  

l a y e r  as 
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d i s c u s s e d  i n  gene ra l  f o r m  in  Reference 23, This approximat ion  should be va l id  

for  the hydrogen-a i r  s y s t e m  at re la t ive ly  high p r e s s u r e  (one a tmosphe re  or  m o r e )  

and  for  high static t e m p e r a t u r e  p r i o r  to hea t  r e l e a s e  (1000 K o r  m o r e ) .  
0 

According  

t o  this ideal izat ion of the reac t ion  Gj - 0, j = 1 , 2 ,  3,  s o  that only one r eac t ion  - 
equat ion,  i . e .  only one c rea t ion  t e r m  must be cons ide red  explicitly*. However ,  

the approximat ion  Gjy 0 does  not  imply tha t  n. = 0; indeed 6. - k j c  
J J j '  

Now the p a r t i a l  equ i l ib r ium approximation G -0 i m p l i e s  K . 3  00 and  G 

i nde te rmina te ,  taking on whatever  value is n e c e s s a r  y t o  i n s u r e  loca l ly  in the 

is  
j J j 

flow pa r t i a l  equi l ibr ium. 

in  Refe rence  2 3 ,  Fina l ly ,  s ince  the c rea t ion  t e r m s  wi a r e  non-dimensional ized 

with r e g a r d  to p / 0 2 ~ 2  i t  might  be convenient t o  f ac to r  f r o m  the ! ) b r a c k e t s  

a quotient k o / W e  where  k o  is a re ference  r a t e  cons tan t  with units ( m o l & / c c )  

One technique for handling these  inde te rminc ie s  is given 

-1 _. -: 
sec  

e e e  

-L and to  i n s e r t  in the s a m e  bracke ts  ; this i s  sugges t ed  by the non-dimensional i ty  
e 

'I 
I 
I 
I 

*The appl icat ion of this  approximation m a y  be the s u b j e c t  of fu tu re  r e s e a r c h .  
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IV, CALCULATIONS: 

Numer ica l  solutions have been obtained for a number  of c a s e e  

of i n t e r e s t  t o  the  hydrogen dumping problem using an I. B.M. 7090 

digital  computer .  It was decided t o  make u8e of all seven spec ie s  

conserva t ion  equat ions t o  avoid any a lgebra ic  difficult ies.  In addition, 

a cu rve  f i t  of the velocity f ie ld  i n  the following f o r m  W B I  employed: 

Y yt . 3 1 C  $ I ( ? )  = , 4 L Y Y 7  - .01599 J + .  b O 3 o Y  7 3 

$ ' ? I )  = 1.0 7 1 . + x 4  (47) 

The p-ocedure by which the ex terna l  boundary conditione w e r e  applied 

along with a detai led development of the fiuite difference equation@ and 

the computational s cheme  can be found i n  Appendix 11. Determinat ion 

of the  ini t ia l  conditions is the subject of Appendix I. 

Following the soiutione of Equations (8) and (19) for the stagnat ion 

enthalpy r a t io ,  g = h / h g p  and the  seven spec ie s  mass f r ac t ions ,  

respec t ive ly .  Equations (24) and (26)  are used to  de t e rmine  the s ta t ic  

Yi , 

t e m p e r a t u r e  T and the densi ty  ra t io  p / p  respec t ive ly ,  This  comple tes  

the de te rmina t ion  of the thermodynamic f ie ld  and al lows solution of 

e 

equat ions 3a and 4a the reby  performing the t r ans fo rma t ion  of the 

-- 
eolution back  to  the physical plane. 

appear ing  in  Equation ( l a )  is evaluated along the  wall ( q  = 0 )  with the 

The p a r a m e t e r  % j,k / p  e~ 
e' 

a id  of Equat ions (28)  and (29).  

In  addition, the hea t  t r a n s f e r  to the  wall  given by: 
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and the d isp lacement  th i ckness :  
& 

(49) 

w e r e  evaluated.  The method given in  Refe rence  (24) w a s  used to  

obtAin a n  e s t i m a t e  of the induced p r e s s u r e  f o r c e s  acting on the plate. 

F i n a l l y ,  whenever possible  , compar i e  ons with the approximate  co l loca-  

t ion technique of Reference  ( 2 7 )  were  made. 

The gene ra l  conclusion f r o m  th is  s tudy  i a  that  the f ini te  difference 

p r o g r a m  as developed h e r e  worked sa t i s f ac to r i ly  only when the chemica l  

r eac t ions  were  slow, i . e .  , when long ignition d i s t ances  preva i l .  With 

that  r e s t r i c t i o n ,  computation t ime f o r  boundary l a y e r  d i s t ances  ove r  which 

the hydrogen m a s s  f r a c t i o n s  become negligible i s  throughout the  boundary 

l a y e r  approximate ly  30-40 minutes. Thus a p r o g r a m  of uti l i ty in con-  

nection with he te rogeneous  but non-react ive s lot  f lows is avai lable .  How- 

e v e r ,  when the  r eac t ions  a r e  fas t  enough to l ead  to  significant chemica l  

r eac t ion ,  i t  was  found that  the s t r eamwise  s t e p  s i z e  had to  be taken  so 

s m a l l  that  computat ion was imprac t ica l .  The difficulty h a s  been s tudied 

and was  found to  be a s soc ia t ed  with the "s t i f fnees"  of the equat ions  con-  

t ro l l i ng  the f r e e  r ad ica l  generat ion,  i. e , ,  H ,  OH, and 0. The concept  

of "s t i f fness"  is d i scussed  in Reference (28) ,  however ,  the sugges ted  

technique of solution was found to yield poor n u m e r i c a l  r e s u l t s  for  the  

s y s t e m s  under cons ide ra t ion .  It was seen f r o m  the s tudy  tha t  the  speed 

of the r e a c t i o n s  involving the  above mentioned free r a d i c a l s  r e s u l t e d  in  

instabi l i ty  of the f i n i t e  differihrce procedure  f o r  gtep 8 i zee  l a r g e r  than 

a l imi t ing  s t e p  r e l a t e d  to the inve r se  of the large r eac t ion  rate coefficients.  
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A solution t o  the i m p a e s c  descr ibed above has  been found which 

comple te ly  e l imina te s  the difficulty. * This  new p rocedure  will be 

inco rpora t ed  into the ana lys i s  a t  the e a r l i e s t  opportunity.  I t  is an t i c i -  

pated that the boundary l a y e r  computation with ene rge t i c  reac t ion  will 

take no longer  than t h o s e  mentioned above f o r  pure  d i f fus ion ,  

vu - .RESULTS AND CONCLUSIONS: 

In Refe rence  (15) a s tudy was  pe r fo rmed  to  de t e rmine  the ignition 

de lay  t i m e s ,  ( i .  e . ,  the in te rva l  of t ime  between the init iation of c h e m -  

ica l  r eac t ion  and the noticeable r e l ease  of h e a t )  of hydrogen-a i r  s y s t e m s  

under va r ious  launch conditions.  F r o m  thic  i t  a p p e a r s  that  a t r a j e c t o r y  

point cor responding  t o  an  altitude of 45 km (150,000 f t . )  and a Mach 

number  of approximate ly  5, yields the minimum ignition delay t ime  and 

hence r e p r e s e n t s  condi t ions most  favorable  for the cotnbus tion and heat  

r e l e a s e  of the slot  injected hydrogen. These  ex te rna l  conditions were  

t h e r e f o r e  invest igated,  In addition, i t  was  decided t o  inver t iga te  the 

effect  of a change in  the ex terna l  conditions on the boundary l aye r  flow 

due to  an  oblique shock wave induced in the vicinity of the slot. 

The numer i ca l  c a s e s  c o n s i d e r e d  w e r e  denoted as C a s e s  I ,  11, and III. 

E x t e r n a l  flow conditions for  Case I co r re sponded  t o  a t r a j e c t o r y  point 

a t  an  alt i tude of 45 km and a Mach number 5. In c a s e e  I1 and I11 

r eepec t ive ly ,  the  constant  ex terna l  condi t ions cons ide red  co r re sponded  ' 

to  t h o s e  p re sen t  immedia t e ly  downstream of a 45 0 and a 60° oblique 

shock with u p s t r e a m  conditions corresponding t o  C a s e  1. In al l  c a s e s  

* A  new technique h a s  been found by Dr.  Gino More t t i  of GASL f o r  
handling the desc r ip t ion  of the chemical kinetics.  
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t he  wal l  or skin t e m p e r a t u r e  was  a s s u m e d  to  be 500°K, 

p e r a t u r e  of the s lot  injected hydrogen w a s  taken to  be 7 5  K for 

C a s e  I ,  and  100°K for C a s e s  11 and 111. 

e s t  are  r e c o r d e d  in  Table  I, F i g u r e s  l a - m  and  F i g u r e s  2a-m r e f e r  

The t e m -  

0 

A l l  the  p a r a m e t e r r  of i n t e r -  

to  C a s e s  I and I1 respec t ive ly .  

Under the ideal izat ion and assumpt ions  underlying t h i s  s tudy ,  the  

n u m e r i c a l  f ini te-difference , f ini te  r a t e  - c h e m i s t r y  ca lcu la t ions  indicate  

no combust ion  in the boundary l a y e r s  of C a s e  I and I1 within lengths  

of p rac t i ca l  i n t e re s t .  In C a s e  111, o n , t h e  .- o the r  hand,  t he  p r o g r a m  

indica ted  the o n s e t  of reac t ion  i n  a length of the order of 10 s lo t  

he ights .  F i g u r e s  l a ,  b ,  and 2a,  b f o r  C a s e s  I and I1 r e spec t ive ly ,  

show the  ini t ia l  m a s s  f r ac t ion  concent ra t ions  and s tagnat ion enthalpy 

prof i les  obtained f rom the  s t a r t i ng  solut ions outlined i n  Appendix I. 

F i g u r e s  l c - h  and 2c-h  s h o w  the  m a s s  f r ac t ion  and s t a t i c  t e m p e r a t u r e  

p ro f i l e s  r e spec t ive ly  a t  r e p r e s  entative s t r e a m w i s e  s ta t ions  . 
It is worthwhile t o  make some r e m a r k s  at t h i s  point concern ing  

the  ca lcu la ted  s ta t ic  t e m p e r a t u r e  profiles.  C h a r a c t e r i s  t i c  of hypersonic  

air boundary  layers are  high static t e m p e r a t u r e s  within the b o b d a r y  

l a y e r .  It i s ,  i n  f a c t ,  t he i r  high te rnpera turee  which might  usual ly  be 

expec ted  to ini t ia te  the chemica l  reac t ion  within thc l joundary l a y e r .  

Examina t ions  of F i g u r e s  I f -h  show n o  such high s t a t i c  t e m p e r a t u r e s  

for an apprec iab le  d i s t a n c e  downstreatri of the s lot .  

T h i s  is a t t r ibu ted  to the  cooling effect  of the  co ld ,  high hea t  c a p a -  

c i ty  hydrogen  which, i n  the laminar  mixing model ,  p e r s i s t s  i n  sufficient 
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quant i t ies  in  the region of the wall for d i s t ances  l a r g e  i n  compar i son  

to  bodies  of in t e re s t .  Indeed one f i r s t  begins  to notice th i s  t e m p e r a -  

t u r e  "pop" (F igu re  lh)  on the order  of thousands of f ee t  downst ream of 

the injection point, (Th i s  conclusion m a y  have to  be modified b,y m o r e  

carefu l  c o n s  iderat ion of the l a r g e  normal  grad ien ts  i n  densi ty ,  specif ic  

hea t  and t r a n s p o r t  p a r a m e t e r s  ar noted in Refe rence  2 9 . )  Hence,  

under the ideal izat ion of the flow presented h e r e ,  at no place i n  the  

f ie lds  of the C a s e  I and I1 boundary l a y e r s  do s ta t ic  t e m p e r a t u r e s  of 
J: 

the o r d e r  of the hydrogen air ignition t e m p e r a t u r e  appear  and t h e r e -  

f o r e  no  combus  tion is observed  for t h o s e  c a s e s ,  

F i g u r e s  1 and 2 show the wall dis t r ibut ion of m a s s  f rac t ions .  

The dotted l i nes  r e p r e e  ent the s olution of the approximate col locat ion 

j j 

technique given i n  Reference  (30). As c a n  be s e e n ,  the approximate 

solution a p p e a r s  t o  differ by a s t r e a m w i s e  sca l e  fac tor  of approximate ly  

an o r d e r  of magnitude, This  ie perhaps the  type of a c c u r a c y  to  be 

expected f r o m  s uch an approximate a n a l y s i s .  F i g u r e s  l k ,  1 and 2k, 1 

show the displacement  th icknesses  and cor responding  induced p r e e e u r e  

diotr ibut ions . The calculated displacement th i cknesses  were  c u r v e  f i t ted 

and l i nea r i zed  supersonic  flow theory w a s  ueed t o  obtain the p r e s s u r e  

di s t r i  butions whereby : 

Smal l e r  d i s  placement  th icknesses  are given by  the collocation 

solution s i n c e  a m o r e  r ap id  diffusion is predicted by th i s  approximate  

theory.  Hence ,  a t  a given s t r e a m w i s e  s ta t ion the densi ty  will be 
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greater and dis placement thickness smal l er  for the collocation 

solution than for the finite difference solution, Final ly ,  the heat 

transfer to  the plate is  shown in Figures In and 2n. Here again, 

the more rapid diffusion of the cold hydrogen away from the wall ,  

in the approximate solution accounts for higher predicted heah trans - 
f er  r a t e s .  
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VI, LIST O F  SYMBOLS 

a= slot  height 

C 

D. = b ina ry  diffusion coefficient 

; A i =  cons t an t s  appear ing  i n  Equation 2 2  
Pi 

1 

h S  
6 --- h 

s e  

h--- s ta t ic  enthalpy 

11 := stagnat ion enthalpy s 

p .  s ta t ic  p r e s s u r e  

s =  t r a n s f o r m e d  coord ina te  defined by Equation 4 

T =  s ta t ic  t e m p e r a t u r e  

u -  a x i d  velocity 

v~ n o r m a l  velocity 

V ,  - diffusion velocity of e a c h  spec ies  
1 

i V .  1 ino lecular  weight of spec ie s  i - I  12 Y J  
v Z ; =  mean  molecular  weight of mixture  z 

c rea t ion  t e r m  fo r  spec ie s  i due to K reac t ion  
1 

x -  axial  coord ina tc  

y= n o r m a l  coord ina te  

Y.7 m a s s  f r ac t ion  of s p e c i e s  i 

Y .  7 m a s s  f r ac t ion  of e l emen t  i 

k= t h e r m a l  conductivity 

1 

- 
1 

7 = t r a n s f o r m e d  coord ina te  defined by Equation 3 

p - v i scos i ty  

p = m a s s  densi ty  
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A P P E N D I X  I 

DETERMINATION O F  THE INITIAL CONDITIONS* 

In o r d e r  t o  provide i n  a rational way the  ini t ia l  condi t ions on the 

s tagnat ion enthalpy,  on the element m a s s  f r ac t ions  and on the s p e c i e s  

m a s s  f r ac t ions  so that  t he  finite difference ca lcu la t ions  can  p r o c e e d ,  an 

ana lys i s  of the ini t ia l  reg ion  of the f low,  i. e . ,  the  reg ion  co r re spond ing  

to  O< XC: x in  F igu re  3 is  presented.  In th i s  spec ia l  ana lys i s  the 
i 

a s sumpt ions  of the main ana lys i s  with r e s p e c t  t o  the flow t o  the  

g a s  a r e  appl icable .  In addition, it is a s s u m e d  tha t  both the e x t e r n a l  

s t r e a m  and the jet s t r e a m  a r e  supersonic  and are  a t  suff ic ient ly  low 

t e m p e r a t u r e  so  tha t  no chemica l  reac t ion  t a k e s  place i n  the  length x.. 
1 

The problem involved can be d e s c r i b e d  physical ly  i n  t e r m s  of 

F i e u r e  3 and pe r t a ins  to  the de te rmina t ion  of the ac tua l  or ien ta t ion  

in  the Dhysical plane of the f r e e  mixing region. The inde te rminancy  of 

f r e e  tnixing f lows is  well  known; Ting (Refe rence  25)  provided the  m e a n s  

f o r  removing th i s  inde terminancy .  Ting invokes the following c o n s i d e r a -  

t ions :  because  of the n a t u r e  of the boundary  l a y e r  formula t ion  of the  

problem of f r e e  mixing, a boundary condition is l o s t  and the solution fo r  

the veloci ty  is inde termina te .  However, i f  the  second o r d e r  p r e s s u r e s  

which a r e  induced by  the v iscous  flow are cons ide red ,  and i f  it is r e q u i r e d  

tha t  a t  each  s t r e a m w i s e  s ta t ion the induced p r e s s u r e  at  f 00 i n  the n o r m a l  

d i r ec t ion  and i n  the boundary layer  s e n s e ,  m u s t  be equal. the inde te rmin -  

*The au tho r s  a r e  indebted t o  Dr.  L u  Ting f o r  helpful sugges t ions  concern ing  
the  ana lys i s  p re sen ted  h e r e .  
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1 anc.y is  r emoved .  Toba (Reference  26)  appl ied t h e s e  cons ide ra t ions  t o  

a f low s imi la r  t o  that t r e a t e d  h e r e ,  but i ncompress ib l e .  
6 

With th i s  point of view es tab l i shed  it is now possible  t o  p roceed  

with the ana lys i s ;  i t  is n e c e s s a r y  t o  cons ide r  the f r e e  mixing i n  such  

a manner  that  the no rma l  coord ina tes  a r e  p r e s c r i b e d  with r e s p e c t  to  

a n  a r b i t r a r i l y  se lec ted  s t r eaml ine .  Subsequently, the or ien ta t ion  of 

th i s  s t r e a m l i n e  in  the physical plane will be de termined .  In t e r m s  of 

the cu rv i l i nea r  coord ina te  s y s t e m ,  sl, y1 with veloci ty  component$ 
b. 

u and v the flow equat ions to the boundary l a y e r  approximat ion  are 
1 1' 

w h e r e  the same approximat ions  re la t ive  t o  the P rand t l  and Lewis  

nu tnbe r s  have been employed a s  in th,e main ana lys i s  and . f u r t h e r m o r e  

the f low is taken to  be nonreac t ive ,*  The coord ina te s  x and y are  
1 1 

*Th i s  a s sumpt ion  can be prac t ica l ly  j u s  t i f icd i f  the  s ta t ic  t e m p e r a t u r e s  
T 
azd  hydrdgen mix  in  the portion of the boundary l a y e r  where in  v i scous  
d iss ipa t ion  pro\ . ides  s ta t ic  t e m p e r a t u r e s  in e x c e s s  t o  T . 

and T .  a r e  l e s s  than Ti;  then no  r eac t ion  will occur  until  oxygen 

i 



r e l a t e d  t o  the physical  coord ina tes  by the equat ions (cf.  F i g u r e  111) 

x, x 

where  i t  is  a s s u m e d  tha t  d z / d x q e l  and where the l i ne  z=z (x )  is the 

s t r e a m l i n e  pass ing  through the point (0, a) .  S imi l a r i l y  the  velocity 

cotnponents  u1 and vl a r e  r e l a t ed  to  u and v b y  the equat ions  

u ,  a! I/c 
(1-6) v, 2 V - Y h  

ell. 
Cons ide r  a solution of Equations (1-1) and (1 -2 )  in  the u s u a l  fash ion;  

in t roduce  a s t reamfunct ion  3 (x y ) so that  
1 1' 1 

and in t roduce  the t r a n  sfor rnations 



Es&S‘’ ~- 

I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 

b ‘I 
I 
I 
1 
I 
I 

-38-  

where  

f o r  the mixing region. 

is some suitably chosen representa t ive  value of the r a t i o  p u / b  e p  e 
1 

Continuing whith the usual  techniques for  finding a similar 

solution a s s u m e  

(1-10) 

Then Equation (I- 1) becomes 

(I- 11) 

w h e r e  ( )’ ; d/dq,. The solution of 11-11) of i n t e r e s t  in  the p r e s e n t  p r o b l e m  is - 

f, 7 ,  (1-12) 

Note that  the t h i r d  boundary condition ‘ I  h a s  i n  this c a s e  been taken t o  be f l (o)  = 0; 

thus ,  q = 0 along the l ine y = Z ( X )  +. a. Also  with that  

(1-13) 

A 
With the solution f o r  the velocity field obtained in t e r m s  of fl the solution for  

1 

the e n e r g y  dis t r ibut ion can be obtained; t ransformat ion  of Equation (1-3) t o  the 

s l ,  7).l v a r i a b l e s  followed by the assumption that  gf = g,  (Ql) l e a d s  t o  

which is subjec t  t o  the conditions 

(I- 14) 

(1-15) 
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The solution is e a s i l v  found to  be 

A similar ana lys i s  appl ies  t o  the species  cons6rvat ion equation, namely  

t o  Equation (1-4); indeed, the equation for Y..=.Yi ( V I )  is  
1 .. 

(1-17) 

i . e . ,  c lose ly  analogous to  Equation (1-14). However,  the boundary conditions a r e  

different ;  they a r e  

(1-18) 

The solution is  

The E,uations (1-10) and (1-19) provide the d is t r ibu t ions  of ene rgy  and spec ie s  

concentrat ion in t e r m s  of q and therefore  in t e r m s  of x and y Indeed since 

x ,- x, i t  c an  be cons idered  that the distributions in terms of x and y are  known, 

1 1’ 
.- a .  

1 

1 -  1 

There  r e m a i n s  the de te rmina t ion  of z z ( x ) ;  t o  d o  s o  r e q u i r e s  computations 

of the veloci t ies  v at y 35 too. Consider  f i r s t  the veloci t ies  v a t  y <+a; i n  gene ra l ,  

f r o m  the definition of tb1 

1 1 .- - 
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(1-20) 

/-e u Y '  
(1-2 1) 

A t  q ,  t 00 the second t e r m  in  the r igh t  hand s ide  of Equat ion (1-21) b e c o m e s  z e r o  - 

so  that  
= o  

2, .  3 s  

T h i s  r e s u l t  i m p l i e s  that the induced p r e s s u r e  which arises from isoveloci ty  f r e e  

mixing a n d  which a t  y1 

f o r  o < X  .= x 

a n d  the l ine in the f r e e  mixing solutions cor responding  t o  6 

+ 00 would be equal  to u ( I - e P vi 

1 

is z e r o ;  thus  

I y 1 =  a0 ) 
a Equation (1-6) can be s a t i s f i e d  by v v = d z / d x  2 0 implying z F: 

: 0 l i e s  a long the 

0 
0 

I 17 

l ine in the physical  plane corresponding t o  y = a. 

To d e t e r m i n e  the or ientat ion of the f r e e  mixing d o w n s t r e a m  of xo, it will be 

a s s u m e d  tha t  the veloci t ies  induced on the f r e e  mixing region f r o m  the boundary 

l a y e r  m a y  be cons idered  t o  be effective on the l ine y = a. I t  will be convenient for  

the f u r t h e r  d i scuss ion  t o  r e f e r  to  Figure IV which shows the dis t r ibut ion of induced 

n o r m a l  veloci ty  computed along the line y a. T h e s e  dis t r ibut ions m u s t  be 

cons idered:  That  due t o  the boundary l a y e r ,  and ( that)  due to the f r e e  mixing t i l ted 

with r e s p e c t  t o  the l ine y = a and corresponding t o  y1 = - f 00. 

Now the induced velocity a t  y = 00 due t o  the boundary l a y e r  is  e x p r e s s e d  a s  

(cf .  the analogous t r e a t m e n t  of v in Equations (1-20) a n d  (1-21) 1 
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(1-22) 

\i 2 5  

where  n is a cons tan t  a s soc ia t ed  with the a sympto t i c  behavior  of f , ,  namely  as 

The ve loc i t ies  f r o m  the f r ee  mixing and due to ' the tilting d z / d x  a r e  equal  at 

- t 00 and,  s ince  v1 = 0, a r e  equal  to  ue dz /dx .  Thus if l i nea r i zed  - 
lYI  + 00 

s u p e r s o n i c  theo ry  is appl iea ,  the p r e s s u r e  induced on the lower su r face  of the l ine y 

a is 

x 

where  s o  = 

the line due to the f r e e  mixing aga in  according to l i n e a r i z e d  supe r son ic  theory is 

5 d x t  ) ; the p r e s s u r e  induced on the upper side of 

(1-24) 

- p,; then Equat ions (1-23) and 1-24) Pm, j Now r e q u i r e  tha t  p 7  = p- and  l e t  - 
Yield fo r  U 1 ueran  equation f o r  dz/dx; 'nameLy 

j 
I 

where  6 x - so, The solution subject  to the ini t ia l  condition z = 0 a t  6 :: 0 is 

- I 
I "rThe value of n f o r  the B las ius  function is 1.  378. 
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(1-26)  - 5 
c d  5' -_-_ . - --.---- 3 I 

td i 

o r  if cis taken t o  be constant  f o r  the regions 0 < x < x2 , (cf. Figure III) i .e . ,  

=.c ; t h e n  
1 1  

(1-27) 

The f r e e  mixing solutions with the dis tor t ions a s s o c i a t e d  with z = z (5 ) f r o m  

e i t h e r  Equat ions (1-26) or equations (1-27) is appl ied until the edge of the stagnation 

enthalpies  and  concentration distributions a s s o c i a t e d  with f r e e  mixing approach  the 

cor responding  edges of the boundary layer .  A t  the s t r e a m w i s e  s ta t ion a t  which 

this o c c u r s ,  n u m e r i c a l  integration by finite difference methods can be init iated.  

The de termina t ion  of the length xo is complicated by the fac t  tha t  the locat ions 

i n  the physical  plane m u s t  be determined.  the edge of the 

boundary l a y e r ,  i . e .  , where  

Note that  q, < 0. F ina l ly  define xo as the s t r e a m w i s e  s ta t ion at which 
by rIl,e. . e  

the edges  in  operation a r e  s e p a r a t e d  by 4 >O; thus 

Define by a value q e 

f'r 0.995,  e .  g . ,  and a lower  edge of the f r e e  mixing 

(1-2 9) 
' A :  x o  

C o n s i d e r  the computation of each  t e r m s  on the r igh t  hand s ide  of Equat ion (1-29); 

c l e a r l y  f r o m  the i n v e r s e  of the t ransformat ion  given by Equation ( 3 )  

( r e  
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P a g e  

c .. 
Simi la r ly ,  f r o m  Eouat ion (1-8) with s1 r s = s 

0 

(I- 3 I )  

The  solutions f o r  the boundary layer  and  for the f r e e  mixing p e r m i t  the 

in t eg ra l s  to be evaluated in t e r m s  of q and Thus substi tution of E ,uations 1' 

(1-26) or  1-27) ,  and Equat ions (1-30) and 1 - 3 1 )  with (1-29) p e r m i t  s o  to  be 

obtained, where  A is taken C < 1 

Then the solutions fo r  the boundary l a y e r  and  the f r e e  mixing in  t e r m s  of q ': - 
a n d q l ,  respec t ive ly ,  can be employed a t  s s o  to de t e rmine  hs, ( j j  ), Y i ,  (q), and 

Y (q) as r e q u i r e d  in  the n u m e r i c a l  integration. 
i, i 
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APPENDIX I1 

DETAILS O F  THE FINITE ,DIFFERENCE COMPUTATION 

The e ight  pa r t i a l  different ia l  equat ions t o  be solved by a n  itn- 

pl ic i t  f ini te  d i f fe rence  technique will be  r epea ted  h e r e  for  convenience.  

L e t  z . =  Y.  -Y. then,  
1 1,  1 ,e  

with the boundary conditions 

and in i t ia l  conditions 

The ene rgy  equation i s  
(11-2) 

and with ini t ia l  conditions 

Refe r r ing  to  F igu re  V Equations (11-1) may  be d i f fe renced  t o  yield,  

(Reference  31). 
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w h e r e  

(11-3) 

The  borindar y condition 

The  boundary  condition 

i in plie s 

3 2 ,  -- (s, do) = 0 

3 7  
In o r d e r  t o  a p p l y  t h i s  boundary condition nuine  i c  l l y  i t  is sumed that 

at s o m e  

The equations a r e  then  solved f o r  all z; and a t e s t  is p e r f o r m e d  to  d e t e r -  

where  € i e  some s m a l l  number, 



~ -~ f 

-46- 

I 
I 
1 
I 
I 
I 
I 
I 
I 
I 

I 
I. 
I 
I 

- -  
If the  t e s t  fails a new value of V = T )  +- A T  is chosen  and the p rocedure  

0 

is  r epea ted  until ,  

th It should be  noted that f o r  each  mesh  point added on the  j s t r i p  one  

mus t  a l s o  be added on the (j-l)th s t r i p .  Th i s ,  however ,  p r e s e n t s  no 

diff icul t ies  s ince  it c a n  be a s sumed  &IL 0 f o r  a l l  r) >;. Hence the 

solution of the seven pa r t i a l  differential  equat ions 11-1 r e d u c e s  to the 

solution of the ni-  1 l i nea r  a lgebraic  equat ions given below i n  m a t r i x  

f o r m .  

c *. w h e r e  

Q P ,  L = P 
a/c, 1-1 = 3- J 

(111-3) 
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With the solution of (11-1) now complete along the  l i ne  J ( tL]j  , o 

and hence  (Yc) j, are  known. The boundary  condition g C 5 , O )  m a y  

now be de te rmined  and differencing Equat ion 11-2 t h e r e  is  obtained: 

where  4,  0, have the  s a m e  definit ions and 

Applying the boundary conditions the  difference equat ions i n  m a t r i x  

(11-4) 

f o r m  .become.  

I bbt bhr 
I 

w h e r e  aga in  

b,z = 0 

1 



let 
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The gene ra l  t r id iagonal  ma t r ix  

l4= 

c a n  be decomposed into the product of a lower bidiagonal m a r k  B 

and an  upper  bidiagonal modified t r iangular  matrix C which will 

s ignif icant ly  fac i l i t a te  the  solution of the s y s t e m  of l i n e a r  equat ions 

A X =  F. 

Th i s  decomposition is  accomplished i n  the  following m a n n e r :  

Now the m a t r i x  equation: A X =  F is equivalent  t o  BCX= F Wd c a n - b c  cons ide red  

a s  B Y =  F and solved fo r  Y as follows: 

k l  = FL /a, L T A  

Y L  .= F; - U ; , i - ,  y; - I  L T l  I ,  0 
4L 

Finally CX= Y is salved for X: 
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This comple t e s  the solution of the eight  par t ia l  d i f fe ren t ia l  equa -  

t ions.  While the impl ic i t  f ini te  difference s c h e m e  is unconditionaly 

s tab le  for  all As, & par t i cu la r  attention m u s t  be paid to  the coefficient 

'h- 1. - 45s- 
@-I 1 a 2*7 

In the l imi t ing  c a s e  of 4 approaching z e r o  i t  is c l e a r  that  is a 

posi t ive nutnber  at a l l  f inite regions ( 9 ,  q ) of the field.  However ,  for 

a f ini te  value of the s t ep  s i ze  & ,  and f o r  sufficiently l a r g e  va lues  of 

- 
q, it is  seen  tha t  y can  become z e r o  or negative due t o  the unbounded 

i n c r e a s e  of f with r ) .  Such behavior  of y c o r r e s p o n d s  t o  a l a r g e  

t runca t ion  e r r o r  in  the finite difference i eFresen ta t ion  of the, different ia l  

equat ions.  
- 

In o r d e r  t o  obtain the p r o p e r  asymptot ic  behavior  for  q -+q i t  was 

n e c e s s a r y  to  r e q u i r e  

-5) 7 0  
6 3  

A s tudy  of the difference equation with cons tan t  va lues  of f k  w a s  

c a r r i e d  out. C losed  f o r m  solutions of the difference equation f o r  

v a r i o u s  va lues  of A q w e r e  obtained and c o m p a r e d  with the  l imit ing 
f 

f o r m  for A q --to.  It was found as  a r e s u l t  of some numer i ca l  e x p e r i -  

menta t ion  tha t  a sui table  c r i t e r i o n  for A v ' w a s  
4 
E 

07 -I = 4 K  

The imp l i e i t  f ini te  difference scheme  p laces  no r e q u i r e m e n t s  of the 

r a t i o  of s t e p  s i z e s  i n  the n o r m a l  and  s t r e a m w i s e  d i rec t ions .  Accuracy 
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is  then  the  only c r i t e r i o n  f o r  the s t e p  s i z e  in  the s d i rec t ion .  The 

p r o g r a m  inc ludes  a n  automatic  procedure  f o r  de t e rming  the s t e p  

s i z e  needed for a d e s i r e d  degree  of ac 'curacy. Th i s  is accompl ished  

b y  computing the v a r i a b l e s  2; at s t e p  s i z e s  of ( A  s)  and ( 2  b s ) ,  The 

quant i ty  6 , where  

I 

is  computed  a t  each ( 2  A s )  and at e v e r y  o ther  As. 

. 0 1  L E: t 0,l 

c .. 
the  s t e p  s ize  A s  is re ta ined .  If 

e t 0 0 1  

the  s t e p  s i ze  (ZAs) is chosen.  If 

€ 2 0.1 

Then if  

the  s t e p  s i z e  A s  is chosen.  The p rocedure  i s  then r epea ted ,  

au tomat ica l ly  choos  i n g  the proper  s t e p  s ize  as  the ca lcu la t ion  proceeds .  

- 
2 
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T A B L E  I 

A -  G e n e r a l  Parameters 

a= slot  height = 1" 

C = .26403 c a l / g m  Ok 
Pl 

Cp2=-  3654 I I  

Cp3= 56361 ' I  

Cp4= .28382 ' I  

Cp5= 312L I 1  

c p 6 -  D 4968 1 1  

C p 7 =  .43765 ' I  

W1- 32 

w 2 =  2 

Ui = 18 

W = 2 8  

W 5 =  16 

3 

4 

w6= 1 

W 7 =  17 

A l l  185.23 c a l / g m  Ok 

A,= 2687.9 

A 3 =  2831. 3 

A 4 =  200.05 

A 5=  3938.1 

A b =  55,873. o 

A 7 2  911. 78 

T r =  1040°k 

T =500°k 
W 
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TABLE I1 

Displacement  thickness curve  f i t s ,  

2 3 Q 

a 3x a x  a l  2 6 = a o  

CASE I 

XC,  6 0 0  

aO '3330 8 

1 
a 

- 6  
2 - 3 . 3 0 5 9  $10 

a 

CASE I1 

0 6 0 7 5 2 , S c l  a 

X Z  600 

, 7 q 0 6 q  

0 
I 

- 9  

- 8  
0 

3 
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Table I (continued) 

B-Case I 

M = 5 . 3  

11 = 5780 f t ,  /set, 

p e =  1. 2388 x . 5 lh .  / f t l  

P =. 00157 atm. 

T = 2 7 5 . 8  Ok 
e 

'e 

T j =  75Ok 

e 

C 

3 

e 

= 1.1654 x . 5 5 lb,  / s e c .  2ft. 

C-Case I1 

M = 2  

u e =  4189 f t ,  / s e c .  

T c =  1011. 91 k 

e 

0 

p e = .  0255 a tm.  

4 3 = 5. 4829 x . 5 lb. /€t. ' e  

D. Case  I11 

Me = 1.254 

~1 = 3068. 7 f t .  I s e c .  

T e =  1388. 5 OK 

e 

Pe= , 03833  atm.  

= 6. 0072 x 10 -4  lb. / f t .  3 
p e  

-5  2 
= 3. 384 x 10 lb .  / f t .  s e c .  P e  

T . =  100°K 
1 

0 T . =  100 k 
1 

c f .  
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